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Unified Nonlinear Analysis for Nonhomogeneous
Anisotropic Beams with Closed Cross Sections

All R. Atilgan* and Dewey H. Hodgest
Georgia Institute of Technology, Atlanta, Georgia 30332

A unified methodology is presented for analysis of nonhomogeneous, anisotropic beams. Based on geometri-
cally nonlinear, three-dimensional elasticity, and subject only to the restrictions that strain and local rotation are
small compared to unity and that warping displacements (the deformation in and out of the cross-sectional plane)
are small relative to cross-sectional dimensions, a two-dimensional analysis is derived that enables the determi-
nation of sectional elastic constants for the beam. Effects typical of open-section beams, such as restrained
warping, are assumed to be negligible; thus, the analysis is well suited for beams with closed cross sections. From
application of the finite element method, it is observed that the equations containing warping degrees of freedom
are identical in form to those of an existing, purely linear analysis in the literature. There are two differences in
the analysis as a whole, however: 1) the linear strain measures of the published analysis are replaced by certain
generalized strain measures that are nonlinear functions of the displacement of the beam reference axis and
rotation of the cross-sectional frame; and 2) the linear global equilibrium equations are replaced by exact,
nonlinear, intrinsic ones. The structure of the governing equations tells us that the warping solutions can be
affected by large deformation and that this could alter the incremental stiffness of the section. For a certain range
of deformation, however, the elastic constants based on the reference state are adequate. As a result, it is shown
that sectional constants derived from the published, linear analysis can be used in the present nonlinear,
one-dimensional analysis governing the global deformation of the beam, which is based on the intrinsic equations
for nonlinear beam behavior. The global behavior is determined by means of a mixed finite element analysis
based on the weak form of all equilibrium, constitutive, and kinematical equations, including boundary condi-
tions and continuity requirements. In spite of the simplicity of the approach, excellent correlation is obtained
with published experimental results for both isotropic and anisotropic beams undergoing large deflections.

Introduction

W HEN a flexible structure has one dimension that is
larger than the other two, it can often be treated as a

beam, a one-dimensional structure. Many engineering struc-
tures can be idealized as beams, leading to much simpler
equations than would be obtained if complete three-dimen-
sional elasticity were used to model the structure. Although
dimensional reduction processes can be extremely simple for
homogeneous, isotropic, prismatic beams, and especially for
restricted cases of deformation, they are far less tractable for
composite beams undergoing arbitrary deformation. Specifi-
cally, difficulties arise in obtaining a one-dimensional strain
energy function that is equivalent, at least in some sense, to a
three-dimensional representation. For anisotropic beams, all
possible deformations of the three-dimensional structure must
be included in the formulation. This in turn suggests that it is
necessary to remove the well-known restrictions that are typi-
cally imposed in a beam analysis.

St. Venant's solutions reveal well-known behavior for linear
deformation of homogeneous, isotropic, prismatic beams:

Received April 14, 1990; revision received Aug. 16, 1990; accepted
for publication Aug. 16, 1990. Copyright © 1990 by A. R. Atilgan and
D. H. Hodges. Published by the American Institute of Aeronautics
and Astronautics, Inc., with permission.

*Post-Doctoral Fellow, School of Aerospace Engineering; currently
Assistant Professor, Mechanics Division, Department of Civil Engi-
neering, Istanbul Technical University, Istanbul, Turkey. Member
AIAA.

tProfessor, School of Aerospace Engineering. Associate Fellow
AIAA.

1) Cross sections remain plane and normal to the beam axis
during pure extensional deformation, but they contract in
their own plane due to Poisson effects.

2) Similarly, cross sections remain plane and normal to the
neutral axis during pure bending deformation; their shape is
altered in their own plane, however, due to Poisson effects that
are manifested in the so-called anticlastic curvature.

3) In pure torsion, the cross section does not remain plane
(except for certain special shapes); its shape and size in its own
plane, however, are preserved in this case.

4) Finally, in the case of a beam undergoing a constant shear
force, which also implies a linearly varying bending moment
(the so-called flexure problem), the shape of the cross section
in its own plane is distorted due to the bending, and it also
deforms out of its plane due to the shear.
In this paper, we refer to all such three-dimensional deforma-
tions of the cross section as "warping."

For homogeneous, isotropic, prismatic beams, there are
thus six fundamental stiffnesses, one each for the six funda-
mental global deformations (extension and bending in the two
principal directions, torsion and shear in the two principal
directions). St. Venant's solutions allow for the determination
of axial and bending stiffnesses in terms of simple integrals
over the cross section; torsion and shear stiffnesses, however,
depend on the out-of-plane warping functions. Closed-form
solutions for torsional and shear warping functions exist for a
few sections, but in general they must be determined by
some sort of approximate method such as the finite-element
method. It should be noted that the St. Venant solutions
are frequently exploited for determination of beam section
properties—even for beams that do not meet these narrow
requirements.

For composite beams, much of this changes. In modern
composite beams, there may be elastic couplings among all the
global deformations. This means that instead of 6 fundamen-
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tal stiffnesses, there could be as many as 21 (a fully populated,
symmetric 6x6 matrix). Furthermore, simple integrals over
the cross section will not suffice to determine these elastic
constants. The in- and out-of-plane warping deformations are
coupled, and their effect on the stiffnesses may be much more
significant. These complexities generally invalidate classical
Kirchhoff-Clebsch and Euler-Bernoulli hypotheses and make
the determination of the elastic constants (what is termed
herein as "modeling") a much more difficult task. Linear St.
Venant solutions for anisotropic beams with arbitrary cross
section are summarized in Ref. 1.

For a review of the literature on the subject of modeling
composite rotor blades as beams, see Ref. 2. Examples of such
analyses include those of Berdichevsky,3 Rehfield and Mur-
thy,4 Hong and Chopra,5 Rehfield,6 Bauchau,7 Borri and Mer-
lini,8 Kosmatka,9 Rehfield and Atiilgan,10 Lee and Stemple,11

and Bauchau and Hong.12 Most of the existing analyses invoke
assumptions that restrict the model from being used for certain
types of cross sections or deformation; also, most do not stem
from the same theory as that which governs the global defor-
mations. When both analyses are derivable from one common
theory, we term that a "unified" approach.

Concerning a unified theory, Parker13'14 found that the St.
Venant solutions from linear beam theory play an important
role in geometrically nonlinear analysis of beams. Berdichev-
sky,3 however, appears to be the first in the literature to plainly
state that "the geometrically nonlinear problem of the three-
dimensional theory of elasticity for a beam can be split into a
nonlinear one-dimensional problem and a linear two-dimen-
sional problem." Parker13'14 followed a formal asymptotic
procedure, whereas Berdichevsky3 followed his variational-
asymptotic analysis.15 Also, Berdichevsky3 considered the gen-
eral nonhomogeneous, anisotropic beam problem while
Parker13 considered only materials as general as monoclinic.
However, both analyses put the contributions coming from the
gradient of the warping along the beam axis into a higher
approximation. Therefore, the flexure problem is only solved
approximately by Parker,14 whereas Berdichevsky3 does not
develop the flexure analysis at all. A later variational-asymp-
totic formulation16 did consider the flexure problem; neverthe-
less, the authors treated only the isotropic case.

As a result of Refs. 13-16, we note that a consistent three-
dimensional representation leads to a sort of decoupling of the
modeling (a linear problem leading to the determination of the
elastic constants for a cross section) from the global deforma-
tion analysis (which makes use of these constants and may be
nonlinear).

Although they were apparently unaware of Berdichevsky's
and Parker's work, Borri and Mantegazza17 made use of
this decoupling methodology as well. Their methods appear to
be motivated by the work of Cosserat and Cosserat18 and
Ericksen and Truesdell.19 These works require a constitutive
law that connects the exact kinematics and kinetics of a one-
dimensional continuum (i.e., regarding the beam as a solid
generated by a two-dimensional section running along a
curved line). Following Cosserat beam theory, Borri and
Mantegazza17 did not attempt to unify this methodology as
two- and one-dimensional parts of a three-dimensional beam
theory. Rather, they used a linear, two-dimensional finite ele-
ment analysis,20 implemented by Borri and his co-workers in a
desktop computer program called Nonhomogeneous Aniso-
tropic Beam Section Analysis (NABSA), to find the cross-sec-
tional stiffness constants. It is the authors' opinion that Ref.
20/NABSA is the most general linear cross-sectional analysis/
computer program to date. It correctly accounts for the flexure
problem and is valid for general nonhomogeneous, anisotropic
cross sections.

The purpose of this paper is to derive a unified theory gov-
erning both sectional and global deformation. To this end, the
three-dimensional strain field is derived for arbitrary warping
based on the kinematical relationships developed by Danielson
and Hodges.21 Next, the three-dimensional strain energy based

Analyze sectional
deformation (linear)

Analyze global
deformation (linear

or nonlinear)

Fig. 1 Schematic of a unified process for analyzing composite
beams.

on this strain field is used in the principle of virtual work to
obtain a system of equations governing beam sectional and
global deformation. We then show how these equations lead to
a cross-sectional analysis of the form of Ref. 20. Thus, elastic
constants calculated from NABSA are used in the present non-
linear, one-dimensional, global deformation analysis. A sche-
matic of this unified process is shown in Fig. 1. For the global
analysis, a weak form (i.e., a mixed variational method) based
on exact intrinsic equilibrium and kinematical equations, spe-
cialized for the static case, is presented. Finally, correlations
with experiments are given as a means of validation.

Kinematics
We are concerned here with deformations having small

strains and small local rotations based on application of the
general development of the strain field of a beam by Danielson
and Hodges.21 Thus, the deformation of the beam is close to
a situation in which each cross section experiences a rigid-body
motion. Each cross section remains nearly plane, although its
orientation and displacement vary rather gradually along the
beam reference axis, so that restrained warping ("edge zone")
effects are not treated.

The distance along the beam reference axis is denoted by x\.
We now assume for simplicity that the beam is initially
straight. However, this assumption is made strictly for illustra-
tive purposes, since our general methodology does not require
such an assumption. The position vector to an arbitrary point
in the undeformed beam can be represented by

where the undeformed beam reference triad bf has a fixed
orientation in space with b\ parallel to the beam axial coordi-
nate x\ and ba parallel to Cartesian coordinate lines xa in the
cross-section plane. (Note that Roman indices vary from 1 to
3, while Greek indices vary from 2 to 3; repeated indices are
summed over their range.) The covariant base vectors for the
undeformed state are simply

j . -
*' = dx, ~

The contravariant base vectors are

(2)

(3)
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Fig. 2 Geometry of the beam deformation.

The position vector to the same arbitrary point in the de-
formed beam can be represented by

u(xl) +.xaBa(xi)
(4)

where « = w/Z>/ is the displacement vector of points on the
reference line and w/ is the general warping displacement of an
arbitrary point in the cross section, consisting of components
both in and out of the plane of the cross section (Fig. 2). For
a beam undergoing small strain, the unit vectors Ba can always
be chosen so that w/ remains small. Now if Bi=B2xB3, this
will mean that B\ is not necessarily tangent to the curved line
of material points in the deformed beam that were on the
reference axis in the undeformed beam. The orthogonal triad
BI is referred to hereafter as the deformed beam basis; thes^e
vectors are related to those associated with the undeformed
beam by

(5)

where C is the matrix of direction cosines whose elements are
components of the rotation tensor C. The covariant base vec-
tors for the deformed state are defined as

(6)

Introducing ( ) ' to denote the partial derivative with respect to
Xi and ( )>a to denote the partial derivative with respect to jca,
one can express these vectors as

+ WiKjBj xBf (7a)

Ga = Sa + w/faS/ (7b)

where 711 is the extensional strain, 2712 and 2713 are the shear
strains at the sectional reference point (that point in the section

coincident with the reference line), AC! is the elastic twist per
unit length, and *2 and *3 are components of the bending
curvature. These can be conveniently arranged in matrix form

(8)

Introducing u = [wi u2 u3]T, one can express 7 and K as

K= -C'CT

(9a)

(9b)

where (~)// = -£//*( )A:» CM is the permutation symbol, and
e\ = [1 0 0] T. The force strain 7 is so designated because it is
conjugate to the actual section force as shown in Ref. 22 >
Similarly, K is called the moment strain because it is conjugate
to the actual section moment.

We denote the Jaumann-Biot-Cauchy strain field compo-
nents by F*, a 3x3 symmetric matrix. For small strain and
small local rotation, Ref. 21 shows that

"P* = _ T (10)

where / is the 3x3 identity matrix and x is the matrix of
deformation gradient components in mixed bases given by

(H)

The components F/y of the strain field of the matrix F* are then
found to be

Fn = Tll +

2Fla = 2yla

(12a)

(12b)

(12c)
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If we further suppose that warping displacements are very
small relative to the cross-sectional dimensions so that
max(wa)< max(xa) and that Ka m'ax(ivi) < KI max(x:a), the un-
derlined terms in the strain field can be neglected. (Neither
these assumptions nor that of small local rotation would be
appropriate for thin-walled, open-section beams.) Introducing
column matrices w and £ containing, respectively, the compo-
nents w/ and [0 x2 x3]T, and operator matrices

0 0 0

d „ „

0 — 0
dx2

_d_ _d_
dx3 dx2

(13)

one can express the strain field as a 6x1 column matrix
r = [rn 2r12 2r13 r22 2r23 r33]rsothat

r = o o
= Xe+ (14)

The form of the strain field is of great importance, because it
is now linear in 7, K, and w and its derivatives. This gives some
hope that, with proper constraints> the warping w could be
eliminated in terms of 7 and K (or their conjugates) by using
linear differential equations whose domain is the cross-sec-
tional plane.

To obtain the contribution of the internal forces to the
equations of equilibrium from the strain energy, it is necessary
to take variations of the strain measures (i.e., 67 and &c).
Furthermore, since we want to obtain the final equations of
equilibrium in intrinsic form (a form that is independent of the
variables used to express the displacement and rotation of the
beam reference line and cross section), we must take the vari-
ations with this objective in mind. The relations between the
variations of these strain measures and the virtual displace-
ment and virtual rotation measures are sometimes referred to
as transpositional or transitivity relations. The derivation of
these relations below is an abbreviated and specialized version
of that given in Ref. 23.

First, the variation of K is obtained from Eq. (9b)

dK = -5C'CT-C'dCT (15)

To further develop this variation, in accordance with standard
treatments,24 the virtual rotation must be introduced. It can be
found by replacing ( )' with <5( ) in Eq. (9b) so that

(16)

In this expression, the overbar indicates that d\l/ is not the
variation of a function, as can be observed. Differentiation of
Eq. (16) with respect to x\ leads to an expression that can be
used to eliminate the dC' from Eq. (15). One can then solve
Eq. (9b) for C" and Eq. (16) for dC

C" = -K

dC = -

(17a)

(17b)

and then use Eqs. (17) to eliminate C' and dC from Eq. (15).
Easily derived identities associated with the tilde notation
(ab - - ba and ab ab = ab - ba) can be used to finally obtain

The variation of the force strain can be carried out in a
similar fashion. From Eq. (9a), the variation of 7 is

Cdu' (19)

Using Eq. (9a) again, we can write the first term on the right-
hand side as

(20)

To obtain a compatible virtual displacement, we replace the
( )' with d( ) in Eq. (9a) and ignore the other terms yielding

dq = Cdu (21)

Differentiating Eq. (21), one can obtain an expression for the
second term on the right-hand side of Eq. (19), C6«', that is
independent of u

Cdu' = 6tf ' -C'CTJ>q

From Eqs. (17) and (19-22) one can now write

dy = 7) 6^

(22)

(23)

Equations (18) and (23) are the relations needed to express
the variation of the strain energy in terms of intrinsic quan-
tities only. These equations agree with similar relations derived
in Ref. 25 in a completely different manner. They can be
expressed in a 6x1 column matrix form by rearranging
Eqs. (23) and (18) to obtain

(24)

Finally, to express the virtual work of tractions distributed
over the beam cross-sectional face, let us introduce 5s, a
column matrix of the measure numbers of the virtual displace-
ment in the deformed beam basis. Furthermore, let us resolve
ds into a part that does not strain the cross section and a
residual part representing the variation of cross-sectional
warping <5w. Assuming all elements of d\[/ are of the same order
and that max(w/)<^ max(jca), one can obtain

ds = (25)

= d\f/' (18)

The relations developed in this section will be used next to
obtain the final form of the unified analysis.

Three-Dimensional Analysis
In this section we consider an infinitesimal "slice" of a

loaded beam as a starting point for developing the cross-sec-
tional and global deformation analyses. To proceed, we first
must represent the stress field in the beam. For this, we choose
the Jaumann stress measure Z = bjZjjbj. This stress measure
was used by Fraeijs de Veubeke,26 and its conjugacy with F,
viz.,

(26)

was derived by Ogdeh27 and Atluri.28 Here *W is the strain
energy and Z is in a 6 x 1 column matrix form (similar to F)

(27)

The notation Zs represents the stresses acting on the surface
normal to Xi (i.e., the two-dimensional surface of material
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points that occupied a reference cross section of the unde-
formed beam), while Z, are the remaining stresses. The Z, is
normally set equal to zero in beam theory (to obtain the appro-
priate stiffness constants for extension, shear, bending, and
torsion), but for anisotropic beam theory this will not suffice.
The differential force acting on an element of this surface is
given by

• Z • CT dx2 dx3 = ZijBf dx2 dx3 (28)

Let us consider now a part of the beam between two cross
sections having an infinitesimally small distance between
them. One can write the principle of virtual work for this
"beam slice" as

dsTZs dx2 dx3 = dTTZ dx2 dx3

a (29)

where / and m are column matrices containing the measure
numbers of the applied force at the sectional reference point
and the applied moment about the sectional reference point,
both per unit length and both in the deformed beam basis (Bt).
Thus, /contains measure numbers of the resultant of all body
forces and exterior surface tractions, and m contains measure
numbers of the moment of all body forces and exterior surface
tractions about the sectional reference point. The contribution
of dw to the virtual work of the applied surface tractions and
body forces is ignored in the present development. (Asymptot-
ical treatments3'13 of this problem typically ignore such contri-
butions or place them in higher approximations.)

If we now plug Eq. (25) into the left-hand side of Eq. (29),
the result is

(30)= [dTTZ-(dwTZsy]dx2dx3

where F and M contain measure numbers of the cross-sectional
force and moment stress resultants in the deformed beam basis
and are given by

• A r• = (M A zs dx2 dx3 =

f fMA hj ja
(31)

Here FI is the axial force, F2 and F3 are the shear forces, MI is
torsional moment, and M2 and M3 are the bending moments.
The right-hand side of Eq. (30) is independent of 6# and ~d\j/.
Thus, after_using the transpositional relations of Eq. (24) to
eliminate dq' and d\l/', the left-hand side will yield the well-
known beam intrinsic equations29'25

M' y)F

or

= 0

(32a)

(32b)

(33)

which has a form similar to that of Eq. (24).
Now, to deal with the remaining part of Eq. (30), the cross-

sectional warping is discretized as w(xi9x2,x3)

), S being a 3 x n matrix of appropriate two-dimensional
finite-element shape functions, n being the number of nodal
displacements PFover the cross section. Finally, using Eq. (14)
in the right-hand side of Eq. (29), and Eqs. (33) and (24) in the
left-hand side, the two-dimensional principle of virtual work
leads to a system of finite-element equations governing the
warping

JW" -HW -EW-Re

LTW

f =0 - (34a)

(34b)

where the redundancy of 6 degrees of freedom present in W
has been appropriately removed as discussed by Ref. 20. The
matrices K0, E, R, H, L, and J are defined as

dx3 E= dx2 d*3

a

R = (dS)T£>X dx2 dx3
J Ja

f f
H = [(dS)T£> YS - STYT£>dS] dx2 dx3

a

L = STYTZ>Xdx2dx3 J = \\STYT$>YS dx2dx3 (35)

all of which depend on the cross-sectional geometry and mate-
rial. Here, /, H, and E are n x n matrices, R and L are n x 6,
and KQ is 6 x 6.

Thus, Eqs. (34) and (33) are the Euler-Lagrange equations
for Eq. (29). There are 12 + n equations and 12 + n unknowns
e, Q, and W, all functions of x\ only. To solve these equations
as they are, however, would require carrying a large number of
unknowns since n may have to be quite large to model a
general cross-sectional geometry and material distribution. An
alternative is clearly desirable from the point of view of com-
putational efficiency.

Cross-Sectional Analysis
Rather than carrying this large number of unknowns, it is

reasonable to carry no more than 12 (Q and e) in the global
deformation analysis; thus we must find a convenient and
accurate way of eliminating W. This is the usual philosophy of
beam theory, although this point may not be obvious from the
above development. Since we are interested in finding the sec-
tion properties of the beam, and we understand that the sec-
tion properties of most beams are not strongly dependent on
the deformation, we look for ways to eliminate the warping
that will yield section constants that are independent of defor-
mation. We now develop several special cases that should be
helpful to the reader both in making identification with well-
known theories and in finding a practical means of solving
beam equations.

Direct Elimination of Warping
A simplistic approximation is to ignore the warping alto-

gether. Equation (34a) cannot be used if we set W-bW = Q.
From Eq. (34b) we obtain Q=K0e. In other words, K0 would
be the sectional stiffness matrix for the case in which there is
no warping. This represents what we refer to as the uniaxial
strain condition (Ta/3 = 0) in which the section is not allowed to
undergo any in-plane warping (neither Poisson contraction
nor anticlastic deformation). In the isotropic case, this means
that extension and bending stiffnesses are too large by a factor
of (1 - v)/(l + *>)(! - 2*>). Furthermore, because there is no out-
of-plane warping, the torsional stiffness is grossly overesti-
mated as well. In fact, the elements of K0 are upper bounds for
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the sectional stiffness constants. Equation (33) then governs
the global deformation.

Another related possibility is to enforce the uniaxial stress
condition (Za/5 = 0). This condition can be shown to give cor-
rect values of extension, bending, and torsional stiffness con-
stants for the isotropic case, but one cannot expect a priori to
obtain accurate stiffnesses for composite beams this way. We
will not develop the uniaxial stress solution in detail here.

When the body forces and the transverse stresses on the
lateral (external) surface of the beam both vanish, we obtain
the conditions appropriate for solving the St. Venant cross-
sectional problem. In this case,/ = ra =0 and Eq. (29) can be
shown to be a weak form of the equilibrium equations and the
natural boundary conditions for the St. Venant problem.20

Furthermore, Eqs. (34) and (33) with/ = m =0 govern a geo-
metrically nonlinear form of the St. Venant problem. These
equations are identical to those of Ref. 20 upon which the
program NABSA, mentioned earlier, is based except that
1) the present approach is developed in terms of geometrically
nonlinear strain measures 7 and K, and 2) the beam equilibrium
equation, Eq. (33), is obtained here in its nonliner intrinsic
form. We are interested in seeing how far one can go in solving
the St. Venant problem in the geometrically nonlinear case.

One special case can be dealt with immediately; that is, to
treat extension, bending, and torsional (EBT) solutions indi-
vidually for homogeneous isotropic beams. In these cases, the
warping and strain do not vary along the beam, and one can
set all ( )' quantities equal to zero in Eqs. (34). (It should be
noted that there is only a 4 degree-of-freedom redundancy with
transverse shear deformation set equal to zero.) This leaves
only two sets of algebraic equations from which W can be
eliminated, resulting in a strain energy per unit length

Til
K

(EBT, Isotropic Case)

where the sectional stiffness matrix is

(36)

(37)

It can be verified that K I , as more elements are taken over
the section, converges to the classical stiffnesses for EBT-type
deformations of isotropic beams. Note that K0 and KI are
4 x 4 in Eqs. (36) and (37) because shear deformation has been
set to zero.

It is necessary to solve the flexure problem to determine
stiffness constants related to shear. As pointed out by several
investigators (e.g., see Refs. 14, 30, and 31), the flexure prob-
lem in its geometrically nonlinear form is quite different from
EBT problems, and it may not even be possible to solve it
in this framework unless some sort of linearization process is
employed. Thus, it is preferable to proceed on the basis of
some approximations. Of the two types of approximations to
be discussed here, the first involves turning the problem into
a linear one in Q and e, and the other involves asymptotic
methods.

Quasilinear and Asymptotic Methods
Equations (34) are a linear system of ordinary differential

equations in e and Q, while Eq. (33), on the other hand, is
nonlinear. For global deformations that are small, one can
pursue a solution of Eqs. (34) coupled with a form of Eq. (33)
that is linearized about the reference (undeformed and un-
stressed) state, again with/= m = 0 as above. Now this quasi-
linear form of the governing equations is exactly of the form
used in NABSA (although the strain measures are nonlinear
functions of the displacement and rotation—thus the term
quasilinear). Therefore, solutions from NABSA should be rea-
sonable approximations for obtaining the sectional elastic con-
stants for use in nonlinear elastic deformation of slender,

closed-section composite beams, as long as 7 and K are not too
large. The structure of Eqs. (34) and (33) tells us, however,
that the warping solutions could be affected by large deforma-
tion, and this could alter the incremental stiffness of the sec-
tion. Just how large the global deformation measures would
have to become to render the elastic constants based on the
reference state inaccurate has not been investigated. In Ref.
17, the authors assumed the constants from the reference state
to be adequate for nonlinear deformation without stating the
limitations involved. This subject deserves further investiga-
tion as does the question of how reasonable NABSA approxi-
mations are for wider classes of nonlinear deformation of
composite beams.

Consider the homogeneous, linear form of Eq. (33)

Q' a a- (38)

This along with Eqs. (34) make up what we call the quasilinear
form of the cross-sectional problem. For EBT problems, we
have Fa = yia = 0. If the former is used in Eq. (38), it is easily
seen that Q' = 0. Now it is possible to argue in the same man-
ner as done in Ref. 20 that W =e' =0 as well. This leads
immediately to a matrix of elastic sectional constants for gen-
erally nonhomogeneous, anisotropic materials of the form K\
in Eq. (37), which was derived before based on the geometri-
cally nonlinear equations. Thus, the quasilinear approach does
yield a tractable result for EBT problems, and this result for
the stiffness matrix is shown in Ref. 3 to be asymptotically
correct for the first approximation (which corresponds to a
geometrically nonlinear, anisotropic beam theory without
transverse shear deformation).

If we now deal with shear deformation, as stated above, it
is not possible to eliminate the warping associated with the
flexure solution from the geometrically nonlinear equations
without resorting to asymptotical considerations. For the
quasilinear case, however, the equations governing the flexure
problem are the same as those of Ref. 20, and thus NABSA
gives the exact solution for the quasilinear equations. It is
currently under investigation whether that solution is asymp-
totically correct for the second approximation (which corre-
sponds to a geometrically nonlinear, anisotropic beam theory
including transverse shear deformation). This theory would be
analogous to that developed in Ref. 16 for the isotropic case.

Once the cross-sectional equations are solved, the resulting
matrix of sectional elastic constants can be used to create a
one-dimensional strain energy that depends only on the global
deformation parameters y and K. This means that there exists
a strain energy density per unit length U(y,K) such that

(39)

and the elastic law can be put in a more explicit form such that

A ~ " " (40)

(The reader must not confuse these elastic constants with those
of lamination theory. There is no relation!) This form of strain
energy leads to the intrinsic nonlinear equilibrium equations as
shown in Ref. 22. Therefore, the elastic constants for use in a
unified nonlinear analysis of anisotropic beams may be based
upon Ref. 20 and NABSA. This methodology was also fol-
lowed by Borri and Mantegazza,17 but without the unified
framework shown earlier.

Global Deformation Analysis
As a basis for a numerical method, a variational principle

often plays an important role. In large displacement problems,
so far, the principle of stationary potential energy has been
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more widely used, for instance by Borri and Mantegazza.17

Pure displacement formulations, however, have now been
abandoned by many researchers of finite element formula-
tions, and general mixed variational formulations are receiving
wide attention (see, for exmaple, lura and Atluri32). Here we
will derive a general mixed variational principle for the static
behavior of finitely deformed beams. It should be noted that
the present methodology is not limited to statics; the global
equations of motion derived in Ref. 23 could also be used to
analyze dynamic behavior in conjunction with NABS A. In-
deed, linear free-vibration characteristics were analyzed using
this method in Ref. 33.

A one-dimensional, geometrically nonlinear, boundary
value problem for straight beams can be stated in matrix form
as follows

M' +

F' + K F + f = Q

+ KM + m = 0

Ay+BK-F=Q

where

A

(41a)

(41b)

(41c)

(41d)

(41e)

(410

(42)

and where 6 is the column matrix whose elements are the
Rodrigues parameters 0/. Equations (4la) and (41b) are the
force and moment equilibrium equations; Eqs. (41c) and (4Id)
are the constitutive relations, and Eqs. (41e) and (4If) are
inverted forms of the kinematical relations derived in Ref. 25.

The associated boundary conditions are written as

u = ft,

on Sz

on Su

(43)

(44)

where F and M denote the prescribed values on the traction
boundary Sz whereas u and 0 denote the prescribed values on
the displacement boundary Su.

Multiplying these field equations by the appropriate test
functions and integrating by parts, one obtains the following
combined weak form

__ __ ___ / 2 f)f)T\
+ bFT[el-CT(el + y)]-dF'Tu-bMT(l + ̂  + -?-y

= 0

where

~dFT=dFTC

KO'e

(45)

(46a)

(46b)

This formulation is called the "weakest possible form" be-
cause all the one-dimensional field equations, namely, equi-
librium equations, constitutive law, strain-displacement rela-
tionships, and boundary conditions are represented in their
most basic form without differentiation of any field variables
with respect to the axial coordinate.34 An extension of this
form including dynamics is derived in Ref. 23 from Hamilton's
principle. Although this mixed weak approach creates a system
with a large number of unknowns, the matrices involved are
very sparse. This sparsity is significant since sparse matrix
routines can be used to improve the formulation's efficiency.
In addition, this approach allows the calculation of all of the
unknowns to the same order of accuracy. For example, one
need not differentiate displacements or rotations to calculate
the generalized strains or the stress resultants. The advantage
of using this weakest possible form as a basis for finite element
formulation is that one can choose any class of shape function
having the lowest possible continuity requirements. This al-
lows one to perform the element level integrations by inspec-
tion. Not needing to use numerical quadrature saves additional
computer time.

The perturbed form can be discretized by assuming that the
beam is broken up into TV elements with nodes between ele-
ments numbered from 1 and the root to 7V+1 at the tip.
Because of the weakness of the formulation, all quantities that
appear in terms that are differentiated can be represented as
piece wise linear, and all remaining terms piece wise constant.
Thus, the virtual displacements, rotation, forces, and mo-
ments become, in the /th element

= 5^(0(1-0

(47a)

(47b)

(47c)

(47d)

where the subscripts refer to node numbers along the beam
(enclosed in parentheses to avoid confusion with the index of
the column matrices) and f is a local element axial coordinate
so that 0<f< l .

The unknowns corresponding to these quantities then are
assumed to be piecewise constant within the element (0< f < 1)

u = u(i}

F = F(i)

(48a)

(48b)

(48c)

(48d)

but with distinct discrete values at the ends of the element (the
nodal values)

(f=0),

(f=0),

(49a)

(49b)

(49c)

(49d)

In the absence of discrete applied forces and moments in the
interior of the beam and displacement and rotational con-
straints within the beam, all the nodal variables drop out of the
resulting algebraic equations during assembly except those at
the extremities of the beam. For example, for a cantilever
beam, those nodal values that are known at the extremities are
U(\) = 9(il=F(N+i) = M(N+l) = Q. Equations governing u(N+i}9
0(7v+i), F(i), and M(1), can be decoupled from the other equa-
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tions and solved in a postprocessing operation to obtain these
and all other nodal variables.

The remaining variables and their variations are assumed to
be constants within the elements so that

Table 1 Stiffnesses for solid
beam from NABSA

7 =

K = Kj ,

' = fry/

5/C =

(50a)

(50b)

This discretization may seem crude, but it is sufficient for this
mixed, intrinsic formulation. In addition, these "crude" shape
functions allow Eq. (45) to be integrated in closed form.

We have used equally spaced elements and assumed that
properties of the beam are constant in the span wise direction.
These simplifications, of course, are not restrictions of the
general finite element formulation. Using a standard finite
element technique, the resulting algebraic equations can be
written in matrix form for each element, producing a set of
coupled matrix equations. These equations can then be assem-

a)

Q
£

*£

b)

3
s

c)

15 30
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Fig. 3 Tip deflections of the Princeton beam for different setting
angles.

Stiffness
Au,lb
Au.lb
A22, Ib
^33, Ib
Z>n, lb-in.2
£>12, lb-in.2
£>22, lb-in.2
#33, lb-in.2

NABSA
0.8060 x 106

- 0.4623 X 105

0.9304 x 105

0.6685 x 104

0.1223 x 103

0.3376 x 102

0.1816 x 103

0.9116 x 105

bled, producing one large matrix equation where it can be seen
that the final coefficient matrix is simply a reorganization of
the individual coefficient matrices; that is, unlike the displace-
ment formulation, this method requires no addition during
assembly.

The perturbed state of the weakest possible form, the Jaco-
bian of STT, can be found from Eq. (45). After that, it is easy
to solve the resulting nonlinear equations by a Newton-Raph-
son method. Plugging in the shape functions described and
carrying out integration from 0 to t, one can obtain the alge-
braic form of STT and its Jacobian JC. Then, in accordance with
the usual Newton-Raphson method, the column matrix of un-
knowns v can be updated at the A:th iteration

Vk+i = vk + Avk (51a)

(51b)

where JC^ is the Jacobian matrix for the kih iteration and $>
is the residual load column matrix for the kth iteration. There
will be a total of 187V" + 24 unknowns including 24 hatted quan-
titites at the boundaries and 187V + 12 equations. However, 12
of the 24 hatted quantities will be known quantities. For the
clamped-free case, for instance, three displacements and three
rotation variables will be zero at the clamped end, and three
force and three moment components will be zero at the free
end. Then displacements and rotations are unknown at the free
end, whereas forces and moments are unknown and at the
clamped end.

Applications
Results from our nonlinear, one-dimensional, global defor-

mation analysis have been compared with those from an exper-
iment involving an aluminum beam, with a solid rectangular
cross section, undergoing large deformations.35 In the experi-
ment, the beam was mounted so that, when undeformed, its
longitudinal axis was in the horizontal plane. A weight several
times that of the beam was mounted at the tip, and the deflec-
tions and torsional rotation were measured for various values
of an angle (called herein the setting angle) that measured the
orientation of the undeformed beam's major cross-sectional
principal axes relative to the vertical plane. The properties
used in the present calculation are essentially those of the EBT
St. Venant solutions and are given in Ref. 36. The correlations
are presented in Fig. 3 for a tip weight of 3 Ib; for this case the
deflections reach 35% of the beam length. Excellent correla-
tion is obtained—even for a very small number of elements.

Next we correlate our unified analysis with results obtained
from a large-deflection experiment using a composite beam.37

This beam was made of AS4/3501-6 Graphite/Epoxy with
layup [45 deg/0 deg]35 having length 22 in.; the rectangular
cross section had horizontal and vertical dimensions 1.18 in.
and 0.0575 in., respectively. In this application, the canti-
lever ed beam was subjected to applied loading at the tip in the
xrx3 plane. The stiffnesses determined by NABSA are pre-
sented in Table 1. (Note that we are treating the cross section
of this "strip" as a solid one; otherwise we would have to
consider the influence of restrained warping, which is beyond
the scope of the present work.)
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Fig. 4 Tip deflections of the MIT beam for different load levels.

Notice the elastic coupling is exhibited in the A and D ma-
trices; An is extension-shear coupling (i.e., horizontal trans-
verse shear), and Z>12 is bending-torsion coupling (i.e., vertical
bending). Extension-shear coupling is shown to be a concomi-
tant coupling in closed-cell, thin-walled beams with bending-
torsion coupling by Rehfield and Atilgan in Refs. 10 and 38.
Therein, they also show that bending-shear coupling accompa-
nies extension-twist coupling in such beams (through nonzero
terms in the B submatrix). Effects of these concomitant cou-
plings, especially the latter one, can be extremely important in
thin-walled, closed-cell beams, as shown in Ref. 39, and cer-
tain of those effects are independent of slenderness.

The measured tip displacements from Ref. 37 and the pres-
ent results are shown in Fig. 4. Excellent correlation is ob-
tained. As a result of the bending-torsion coupling and its
accompanying extension-shear coupling created by the selec-
tion of this particular layup, a significant u2 deflection is ob-
tained. This is in the direction normal to the plane containing
the load vector and the undeformed beam and takes place by
means of the following mechanisms. The beam is bent about
the x2 axis due to the loading in the x3 direction; this means
that a typical cross-sectional frame rotates about the x2 axis.
At the same time, because of the bending-torsion coupling
(Dn^0), the beam is forced to twist; that is, a typical cross-
sectional frame rotates about the x\ axis. The twisting rotation
about the x{ axis means that there is now a component of shear
force in the local x2 direction leading to a shear strain yu and
a u2 displacement. Due to the concomitant extension-shear
coupling (AM**®), the shear force in the x2 direction also
induces a very small axial displacement in addition to that
already taking place due to pure geometrical nonlinearity (the
so-called foreshortening effect).

Concluding Remarks
A unified methodology for geometrically nonlinear analysis

of nonhomogeneous, anisotropic beams is presented. A two-
dimensional cross-sectional analysis and a nonlinear one-
dimensional global deformation analysis are derived from the
common framework of a three-dimensional, geometrically
nonlinear theory of elasticity. The only restrictions are that the
strain and local rotation are small compared to unity and that
warping displacements are small relative to the cross-sectional
dimensions. Here, warping refers to all possible deformations
of the beam cross section, both in and out of the cross-sec-
tional plane. The present equations are identical in form to
those of Ref. 20, except that the linear global strain variables
of Ref. 20 are replaced in the present analysis by the nonlinear
ones, and the linear equilibrium equations are replaced by the
exact intrinsic, nonlinear equilibrium equations.

The two-dimensional, cross-sectional analysis is valid for
beams having cross sections with arbitrary shapes and made
out of nonhomogeneous and anisotropic materials if typical
open cross-section effects, such as restrained warping and the
trapeze effect, are unimportant. Solutions of the equations
governing the cross-sectional problem are discussed for vari-
ous special cases. Also, approximations that are necessary to

solve the equations for both extension-bending-torsion prob-
lems and the flexure problem are presented. Such approxi-
mations include linearizing the global equilibrium equations
about the reference state or applying asymptotical methods to
obtain a sectional stiffness matrix.

The present one-dimensional global deformation analysis
turns out to be equivalent to the static intrinsic equations as
derived in Ref. 25 from equilibrium considerations and in
Ref. 23 by energy methods. The weakest possible form of all
the governing equations is presented and used as a basis for a
nonlinear, mixed, finite element, global-deformation analysis.

Thus, the unified methodology yields a two-stage analysis
that exhibits excellent correlation with published experimental
results for both isotropic and composite beams. Practically
speaking, this suggests that the section properties obtained
from a linear, two-dimensional, finite element analysis based
on Ref. 20 can be used with confidence in nonlinear analysis of
composite beams. This confidence is well founded as long as
1) the global deformation analysis is formulated in terms of the
present global strain measures 7 and K; 2) the elastic constants
are incorporated in a linear relation between section forces and
moments Fand M, expressed in the deformed beam basis, and
7 and K; and 3) the deformations are not large enough to alter
the elastic constants.

Concerning future work, an extension of the present
methodology to treat initially curved and twisted beams would
be a straightforward exercise. Furthermore, the asymptotical
accuracy of results from NABSA needs to be verified. Addi-
tional development of the unified methodology is necessary to
treat the effects of warping on the virtual work of applied
loads and body forces, deformations that are large enough to
significantly alter the elastic constants during deformation,
and beams with open cross sections, in which both trapeze
effects and restrained warping effects need to be included. To
treat these phenomena may require additional displacement
variables in the global deformation analysis and an extension
of the present analysis to account, at "least approximately, for
moderate local rotation as described in Refs. 21 and 22. Also,
for applications involving optimization, and particularly as
additional geometric and physical effects are considered, im-
proving computational efficiency of the sectional analysis be-
comes more critical.

Acknowledgments
This work was supported by the U.S. Army Research Office

under contract DAAL03-88-C-0003 (the Center of Excellence
for Rotary Wing Aircraft Technology) and by the U.S. Army
Aerostructures Directorate, Langley Research Center, under
NASA Grant NAG-1-1094. Technical discussions with Marco
Borri and Victor Berdichevsky are gratefully acknowledged.

References
1Ie§an, D., "St. Venant's Problem," Lecture Notes in Mathemat-

ics, No. 1279, edited by A. Dold and B. Eckmann, Springer-Verlag,
Berlin, Germany, 1987.

2Hodges, D. H., "Review of Composite Rotor Blade Modeling,"
AIAA Journal, Vol. 28, No. 3, 1990, pp. 561-565.

3Berdichevsky, V. L., "On the Energy of an Elastic Rod," Priklad-
naya Matematika y Mekanika [Applied Mathematics and Mechanics ],
Vol. 45, No. 4, 1981, pp. 518-529.

4Rehfield, L. W., and Murthy, P. L. N., "Toward a New Engineer-
ing Theory of Bending: Fundamentals," AIAA Journal, Vol. 20, No.
5, 1982, pp. 693-699.

5Hong, C. H., and Chopra, I., "Aeroelastic Stability of a Compos-
ite Blade," Journal of the American Helicopter Society, Vol. 30,
No. 2, 1985, pp. 57-67.

6Rehfield, L. W., "Design Analysis Methodology for Composite
Rotor Blades," Air Force Wright Aeronautical Laboratory, AFWAL-
TR-85-3094, Denver, CO, 1985, pp. V(a)-l-V(a)-15.

7Bauchau, O. A., "A Beam Theory for Anisotropic Materials,"
Journal of Applied Mechanics, Vol. 52, No. 2, 1985, pp. 416-422.



NOVEMBER 1991 UNIFIED NONLINEAR ANALYSIS FOR NONHOMOGENEOUS BEAMS 1999

8Borri, M., and Merlini, T., "A Large Displacement Formulation
for Anisotropic Beam Analysis," Meccanica, Vol. 21, No. 1, 1986,
pp. 30-37.

9Kosmatka, J. B., "Structural Dynamic Modeling of Advanced
Composite Propellers by the Finite Element Method," Ph.D. Disser-
tation, University of California, Los Angeles, 1986.

10Rehfield, L. W., and Atilgan, A. R., "Analysis, Design and Elas-
tic Tailoring of Composite Rotor Blades," NASA CR-181234, Sept.
1987.

11 Lee, S. W., and Stemple, A. D., "A Finite Element Model for
Composite Beams with Arbitrary Cross-Sectional Warping," Pro-
ceedings of the 28th Structures, Structural Dynamics and Materials
Conference, AIAA, New York, 1987, pp. 304-313.

12Bauchau, O. A., and Hong, C. H., "Nonlinear Composite Beam
Theory," Journal of Applied Mechanics, Vol. 55, No. 1, 1988, pp.
156-163.

13Parker, D. F., "An Asymptotic Analysis of Large Deflections and
Rotations of Elastic Rods," InternationalJournal of Solids and Struc-
tures, Vol. 15, No. 5, 1979, pp, 361-377.

14Parker, D. F., "The Role of St. Venant's Solutions on Rod and
Beam Theories," Journal of Applied Mechanics, Vol. 46, No. 4,1979,
pp. 861-866.

15Berdichevsky, V. L., "Variational-Asymptotic Method," (in Rus-
sian), Some Problems of Continuum Mechanics, Sedov's Anniversary
Volume, 1978.

16Berdichevsky, V. L., and Staroselsky, L. A., "On the Theory
of Curvilinear Timoshenko-Type Rods," Prikladnaya Matematika y
Mechanica [Applied Mathematics and Mechanics], Vol. 47, No. 6,
1983, pp. 809-817.

17Borri, M., and Mantegazza, P., "Some Contributions on Struc-
tural and Dynamic Modeling of Rotor Blades," I'Aerotecnica Missili
e Spazio, Vol. 64, No. 9, 1985, pp. 143-154.

18Cdsserat, B., and Cosserat, F., Theorie des Corps Deformables,
Hermann, Paris, 1909.

19Ericksen, J. L., and Truesdell, C., "Exact Theory of Stress and
Strain in Rods and Shells," Archives for Rational Mechanics and
Analysis, Vol. 1, 1958, pp. 295-323.

20Giavotto, V, Borri, M., Mantegazza, P., Ghiringhelli, G., Car-
mashi, V., Maffioli, G. C., and Massi, F., "Anisotropic Beam Theory
and Applications/' Computers and Structures, Vol. 16, No. 1-4,
1983, pp. 403-413.

21Danielson, D. A., and Hodges, D. H., "Nonlinear Beam Kine-
matics by Decomposition of the Rotation Tensor," Journal of Ap-
plied Mechanics, Vol. 54, No. 2, 1987, pp. 258-262.

22Danielson, D. A., and Hodges, D. H., "A Beam Theory for Large
Global Rotation, Moderate Local Rotation, and Small Strain," Jour-
nal of Applied Mechanics, Vol. 55, No. 1, 1988, pp. 179-184.

23Hodges, D. H., "A Mixed Variational Formulation Based On
Exact Intrinsic Equations for Dynamics of Moving Beams," Interna-
tional Journal of Solids and Structures, Vol. 26, No. 11, 1990, pp.
1253-1273.

24Kane, T. R., Dynamics, Holt, Rinehart, and Winston, New York,
1968, pp. 51-55.

25Reissner, E., "On One-Dimensional Large Displacement Finite
Strain Beam Theory," Studies in Applied Mathematics* Vol. 52,
No. 2, 1973, pp. 87-95.

26Fraeijs de Veubeke, B., "A New Variational Principle for Finite
Elastic Displacements," InternationalJournal of Engineering Science,
Vol. 10, 1972, pp. 745-763.

27Ogden, R. W., Non-Linear Elastic Deformations, Ellis Horwood,
Chichester, England, 1984, Sec. 2.2.

28Atluri, S. N., "Alternate Stress and Conjugate Strain Measures,
and Mixed Variational Formulations Involving Rigid kotations, for
Computational Analyses of Finitely Deformed Solids, with Applica-
tions to Plates and Shells: Part I—Theory," Computers and Struc-
tures, Vol. 18, No. 1, 1984, pp. 93-116.

29Green, A. E., "The Equilibrium of Rods," Archives for Rational
Mechanics and Analysis, Vol. 3, 1959, pp. 417-421.

30Mimcaster, R. G., "St. Venant's Problem in Nonlinear Elasticity:
A Study of Cross-Sections," Nonlinear Analysis and Mechanics, ed-
ited by R. J. Knops, Vol. 4, Pittman, London, 1979, pp. 17-75.

31Ericksen, J. L., "On the Formulation of St. Venant's Problem,"
Nonlinear Analysis and Mechanics, edited by R. J. Knops, Vol. 1,
1977, pp. 158-186.

32Iura, M., and Atluri, S. N., "On a Consistent Theory, and Vari-
ational Formulation of Finitely Stretched and Rotated 3-D Space-
Curved Beams," Computational Mechanics, Vol. 4, No. 2, 1989, pp.
73-88.

33Hodges, D. H., Atilgan, A. R., Fulton, M. V., and Rehfield, L.
W., "Free Vibration Analysis of Composite Beams," Journal of the
American Helicopter Society, Vol. 36, No. 3, 1991, pp. 36-47.

34Atilgan, A. R., "Towards a Unified Analysis Methodology for
Composite Rotor Blades," Ph.D. Dissertation, School of Aerospace
Engineering, Georgia Inst. of Technology, Atlanta, GA, Aug. 1989.

35Dowell, E. H., and Traybar, J., "An Experimental Study of the
Non-linear Stiffness of a Rotor Blade Undergoing Flap, Lag and Twist
Deformations," Princeton University, Princeton, NJ, AMS Rept.
Nos. 1194 and 1257, 1975.

36Hinnant, H. E., and Hodges, D. H., "Nonlinear Analysis of a
Cantilever Beafn," AIAA Journal, Vol. 26, No. 12, 1988, pp. 1521-
1527.

37Minguet, P., and Dugundji, J., "Experiments and Analysis
for Structurally Coupled Composite Blades Under Large Deflections.
Part I—Static Behavior," Proceedings of the AIAA/ASME/ASCE/
AHS/ASC30th Structures, Structural Dynamics, and Materials Con-
ference, AIAA, Washington, DC, 1989, pp. 1807-1816.

38Rehfield, L. W., and Atilgan, A. R., "Toward Understanding the
Tailoring Mechanisms for Thin Walled Composite Tubular Beams,"
First U.S.S.R.-U.S.A. Symposium on Mechanics of Composite Mate-
rials, edited by S. W. Tsai, J. M. Whitney, T. W. Chou, and R. M.
Jones, American Society of Mechanical Engineers, New York, 1989,
pp. 187-196.

39Rehfield, L. W., Atilgan, A. R., and Hodges, D. H., "Nonclassi-
cal Behavior of Thin-Walled Composite Beams with Closed Cross
Sections," Journal of the American Helicopter Society, Vol. 35, No.
2, April 1990, pp. 42-50.


